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illations
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Abstrat
A new expliit model of neutrino texture is presented, where in the overall 6× 6 mass
matrix the lefthanded and righthanded Majorana 3×3 omponents are diagonal with equal
entries of opposite sign, while the Dira 3×3 omponent is given as a diagonal hierarhial
struture (possibly similar to the harged lepton and quark 3×3 mass matries) deformed
by the popular nearly bimaximal 3×3 mixing matrix. Then, all neutrino masses are light
and m1 = −m4, m2 = −m5, m3 = −m6. The resulting neutrino osillation formulae
are idential with those working in the eetive texture of three ative neutrinos, based
on this nearly bimaximal mixing matrix. Three (onventional) sterile neutrinos do not
osillate and so, are stritly deoupled. The suggested LSND eet vanishes. The not
observed Chooz osillation eet is onsistently negligible.
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1. Introdution. A basi theoretial question, indued by the reent developments in
neutrino physis implying massive neutrinos, onerns the fate of neutrino righthanded
omponents ναR (α = e, µ, τ), while the lefthanded omponents ναL (α = e, µ, τ) appear
in the Standard Model as ative neutrinos. This is equivalent to the question of the role
in Nature of (onventional) sterile neutrinos ναR and (ναR)
c
, where (ναR)
c 6= ναL due to
the opposite lepton number L of both sides. The lepton number, in fat, is experimentally
well dened, though it is not expeted to be stritly onserved. In the present note, the
(onventional) sterile neutrinos ναR and (ναR)
c
will be introdued through the generi
neutrino mass term (11). First, however, we will onsider the eetive neutrino-mass
term (3) of Majorana type, where only the ative neutrinos ναL and (ναL)
c
appear.
As is well known, the popular nearly bimaximal mixing matrix for three ative neu-
trinos νeL, νµL, ντL [1℄,
U (3) =


c12 s12 0
−s12c23 c12c23 s23
s12s23 −c12s23 c23

 , (1)
arises from its generi form à la Cabibbo-Kobayashi-Maskawa [2℄ by putting
s13 = 0 , c12 ≃ 1√
2
≃ s12 , c23 ≃ 1√
2
≃ s23 . (2)
Here, cij = cos θij and sij = sin θij . Suh a neutrino mixing matrix is globally onsistent
with osillation experiments [3℄ for solar νe's and atmospheri νµ's as well as with the
negative Chooz experiment for reator ν¯e's. It annot explain, however, the possible
LSND eet for aelerator ν¯µ's (and νµ's) that, if onrmed, may require the existene
of one at least, extra (sterile) light neutrino νsL (dierent in general from (ναR)
c
).
If the ative neutrinos ναL are of Majorana type, their eetive mass term in the
Lagrangian has the form
− L(3)mass =
1
2
∑
αβ
(ναL)cM
(3)
αβ νβL + h. c. , (3)
where the mass matrix M (3) =
(
M
(3)
αβ
)
is symmetri due to the identity ναL(νβL)
c =
νβL(ναL)
c
(here, the normal ordering of bilinear neutrino terms is impliit). In this ase,
1
(ναL)
c
behaves as ναR, though their lepton number L is opposite. This number is not
onserved, of ourse, in the mass term (3) induing the hanges ∆L = ±2.
In the avor representation, where the harged-lepton 3 × 3 mass matrix is diagonal,
the mixing matrix U (3), when multiplied from the right by the Majorana phase matrix
diag(1, eiρ, eiσ) in the ase of Majorana-type neutrinos, beomes the diagonalizing matrix
that transforms the omplex symmetri neutrino 3× 3 mass matrix M (3) into the matrix
diag(m1 , m2 , m3). Here m1 ≤ m2 ≤ m3 are nonnegative neutrino masses. This is equi-
valent to the following omplex orthogonal transformation [4℄:
U (3) TM (3)U (3) = diag(m1 , m2 e
−2iρ , m3 e
−2iσ) , U (3) TU (3)∗ = 1 = U (3)∗U (3) T . (4)
The reverse transformation reads
M (3) = U (3)∗diag(m1 , m2e
−2iρ , m3e
−2iσ)U (3)† . (5)
However, even in the Majorana ase, the avor and mass ative neutrinos, ναL (α = e, µ, τ)
and νiL (i = 1, 2, 3), are related through the unitary transformation
ναL =
∑
i
U
(3)
αi νiL , U
(3) †U (3) = 1 = U (3)U (3) † , (6)
where U (3) =
(
U
(3)
αi
)
. The unknown Majorana phases ρ and σ as well as the Dira phase
δ, the latter appearing in the generi form of U (3) if s13 6= 0 (e.g. through Ue3 = s13e−iδ),
may lead to CP violation. Note, however, that CP violation in the neutrino osillations
may be aused only by δ.
The rate of the neutrinoless double β deay (allowed only in the ase of Majorana-type
νeL) is proportional to m
2
ee, where mee ≡ |M (3)ee | with M (3)ee as given in Eq. (5) for α = e
and β = e. The suggested experimental upper limit of mee is mee
<∼ (0.35− 1) eV [4℄. If
ρ = 0 and σ = 0, then |M (3)ee | = |
∑
i U
(3) 2
ei mi| = c212m1 + s212m2 , where the form (1) for
U (3) is used.
The familiar neutrino-osillation formulae, valid in the ase of U
(3)∗
αi = U
(3)
αi (where the
possible CP violation is ignored), are
P (να → νβ) = |〈νβL|eiPL|ναL〉|2 = δβα − 4
∑
j>i
U
(3)
βj U
(3)
βi U
(3)
αj U
(3)
αi sin
2 xji (7)
2
with
xji = 1.27
∆m2jiL
E
, ∆m2ji = m
2
j −m2i , pi ≃ E −
m2i
2E
(8)
(∆m2, L and E are measured in eV2, km and GeV, respetively). Here, P (να → νβ) =
P (ν¯α → ν¯β) = P (νβ → να), when CP violation in neutrino osillation is ignored (and
CPT theorem used). For the mixing matrix U (3) as given in Eq. (1), the formulae (7)
lead, in partiular, to the following osillation probabilities:
P (νe → νe) = 1− (2c12s12)2 sin2 x21 ,
P (νµ → νµ) = 1− (2c12s12)2c423 sin2 x21 − (2c23s23)2(s212 sin2 x31 + c212 sin2 x32)
≃ 1− (2c12s12)2c423 sin2 x21 − (2c23s23)2 sin2 x32 ,
P (νµ → νe) = (2c12s12)2c223 sin2 x21 , (9)
where the seond step for P (νµ → νµ) works in the ase of ∆m231 ≃ ∆m232. The remaining
osillation probabilities, P (νµ → νe), P (νµ → ντ ) and P (ντ → ντ ), follow already from
Eqs. (9) through the probability sum rules
∑
β P (να → νβ) = 1. The relations (9) imply
that
P (νe → νe)sol = 1− (2c12s12)2 sin2(x21)sol ,
P (νµ → νµ)atm ≃ 1− (2c23s23)2 sin2(x32)atm ,
P (ν¯µ → ν¯e)LSND = (2c12s12)2c223 sin2(x21)LSND ≃ 0 ,
P (ν¯e → ν¯e)Chooz = 1− (2c12s12)2 sin2(x21)Chooz ≃ 1 , (10)
sine (x21)atm ≪ (x32)atm = O(1), (x21)LSND ≪ (x21)sol = O(1) and (x21)Chooz ≃ (x21)atm ≪
O(1), the rst inequality being valid in the ase of ∆m221 ≪ ∆m232 ≃ ∆m231. The labels
sol, atm, LSND and Chooz refer to the onditions of solar, atmospheri, LSND and Chooz
neutrino experiments.
Experimental estimations for solar νe's and atmospheri νµ's are θ12 ∼ 32◦, ∆m221 ∼
5 × 10−5 eV2 [5℄ and θ32 ∼ 45◦, ∆m232 ∼ 2.5 × 10−3 eV2 [6℄, respetively (they are
best-t values; for solar νe's they orrespond to the MSW Large Mixing Angle solution
3
that seems to be optimal). The above angles imply c12 ∼ 1.2/
√
2, s12 ∼ 0.75/
√
2 and
c23 ∼ 1/
√
2 ∼ s23, thus deviations from maximal mixing for solar νe's are onsiderable.
Aording to the popular viewpoint, the ative-neutrino eetive mass term (3) arises
through the familiar see-saw mehanism from the generi neutrino mass term
− Lmass = 1
2
∑
αβ
(
(ναL)c , ναR
) M (L)αβ M (D)αβ
M
(D)
βα M
(R)
αβ

( νβL
(νβR)
c
)
+ h. c. (11)
inluding both the ative neutrinos ναL and (ναL)
c
as well as the (onventional) sterile
neutrinos ναR 6= (ναL)c and (ναR)c 6= ναL (α = e , µ , τ). In the see-saw ase, the Majo-
rana righthanded mass matrix M (R) =
(
M
(R)
αβ
)
is presumed to dominate over the Dira
mass matrix M (D) =
(
M
(D)
αβ
)
that in turn is expeted to dominate over the Majorana
lefthanded mass matrixM (L) =
(
M
(L)
αβ
)
(the latter may be even zero). Suh a mehanism
leads eetively to the ative-neutrino mass matrix M (3) =
(
M
(3)
αβ
)
appearing in the mass
term (3). Then, M (3) ≃ −M (D)M (R)−1M (D) T , while the (onventional) sterile neutrinos
get approximately M (R) as their eetive mass matrix and so, are pratially deoupled
from the ative neutrinos. Thus, the assumption of dominane of M (R) over M (D) (and
M (D) over M (L)) guarantees here the desired smallness of m1 , m2 , m3. This approah is
onsistent with the GUT viewpoint on the massive-neutrino uniation.
In the present note, we study a new expliit model for the overall 6× 6 mass matrix
M =
(
M (L) M (D)
M (D) T M (R)
)
(12)
appearing in the generi neutrino mass term (11). Now,M (L) andM (R) get the same mag-
nitude (but opposite sign). The detailed model gives exatly the same neutrino osillation
formulae (9) and (10) as the previous eetive model based on the nearly bimaximal 3×3
mixing matrix (1). The (onventional) sterile neutrinos (ναR)
c
do not osillate with the
ative neutrinos ναL (and with themselves) and so, are stritly deoupled from the ative
neutrinos (beause of dierent reasons, than those ausing pratial deoupling of (ναR)
c
from ναL in the see-saw mehanism). The suggested LSND eet vanishes. The neutrino
mass spetrum is parametrized. In extreme ases, the spetrum may be either nearly
degenerate or hierarhial (with hierarhial mass-squared dierenes in both ases). Al-
ways m1 = −m4, m2 = −m5, m3 = −m6 and, as an be dedued in our model from
neutrino data, they are light.
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2. The model. Let us assume in Eq. (12) that [8℄
M (L) =
0
m


1 0 0
0 1 0
0 0 1

 = −M (R) (13)
and
M (D) =
0
m U (3)

 tan 2θ14 0 00 tan 2θ25 0
0 0 tan 2θ36


=
0
m


c12 tan 2θ14 s12 tan 2θ25 0
−s12c23 tan 2θ14 c12c23 tan 2θ25 s23 tan 2θ36
s12s23 tan 2θ14 −c12s23 tan 2θ25 c23 tan 2θ36

 , (14)
where
0
m > 0 is a mass sale and tan 2θij (ij = 14, 25, 36) denote three dimensionless
parameters, while U (3) stands for the previous 3 × 3 mixing matrix given in Eq. (1).
Thus, the Dira omponent M (D) of the overall neutrino mass matrix M is here equal to
a diagonal, potentially hierarhial struture, deformed by the popular, nearly bimaximal
mixing matrix U (3). Evidently, in this 6 × 6 model, M∗ = M and MT = M . Hene, the
possible CP violation is ignored.
As an be shown, the 6 × 6 diagonalizing matrix U for the overall 6× 6 mass matrix
M dened in Eqs. (12), (13) and (14),
U †MU = diag(m1 , m2 , m3 , m4 , m5 , m6) , (15)
gets the form
U =
1
U
0
U ,
1
U =
(
U (3) 0(3)
0(3) 1(3)
)
,
0
U =
(
C(3) −S(3)
S(3) C(3)
)
(16)
with U (3) as given in Eq. (1) and
1(3) =

 1 0 00 1 0
0 0 1

 , C(3) =

 c14 0 00 c25 0
0 0 c36

 , S(3) =

 s14 0 00 s25 0
0 0 s36

 , (17)
while the neutrino mass spetrum is
mi,j = ± 0m
√
1 + tan2 2θij (18)
5
(ij = 14 , 25 , 36), implying the equalities
(
c2ij − s2ij
)
mi,j = ± 0m . (19)
Evidently, U∗ = U and U † = UT .
The easiest way to prove the statement expressed in Eqs. (16), (1) and (17) is to
start with the diagonalizing matrix U = (Uαi) dened in these equations, and then to
show by applying the formula Mαβ =
∑
i UαimiU
∗
βi that the mass matrix M = (Mαβ)
is given in Eqs. (12), (13) and (14), if the mass spetrum m1 , m2 , m3 , m4 , m5 , m6 is
taken in the form (18) or (19). Now, α = e , µ , τ , es , µs , τs and i = 1, 2, 3, 4, 5, 6, where
νesL ≡ (νeR)c, νµsL ≡ (νµR)c, ντsL ≡ (ντR)c (see Eq. (11) whih an be rewritten as
−Lmass = 12
∑
αβ (ναL)cMαβνβL + h. c.).
It may be interesting to note that the 6× 6 mass matrix M dened in Eqs. (12), (13)
and (14) an be presented as the unitary transformM =
1
U
0
M
1
U † of the new simpler 6×6
mass matrix
0
M=

 0m 1(3) 0M (D)
0
M (D) T − 0m 1(3)

 with 0M (D) = 0m diag(tan 2θ14, tan 2θ25, tan 2θ36) , (20)
where
1
U= diag
(
U (3), 1(3)
)
[see Eqs. (16) and (17)℄. Then, writing ναL =
∑
β
1
Uαβ
0
νβL with
0
ναL=
∑
i
0
UαiνiL, the mass term (11) and harged-urrent term in the Lagrangian an be
presented as follows:
− Lmass = 1
2
∑
αβ
(ναL)cMαβνβL + h. c. =
1
2
∑
αβ
(
0
ναL)c
0
Mαβ
0
νβL + h. c.
=
1
2
∑
i
(νiL)cmiνiL + h. c. (21)
(α, β = e, µ, τ, es, µs, τs , i = 1, 2, 3, 4, 5, 6) and
− LCC = g√
2
∑
α=e,µ,τ
ναL γ
µe−α W
+
µ + h. c. =
g√
2
∑
α=e,µ,τ
∑
β=e,µ,τ
0
νβL
1
U
∗
αβ γ
µe−α W
+
µ + h. c.
=
g√
2
∑
α=e,µ,τ
∑
i
νiL U
∗
αiγ
µe−α W
+
µ + h. c. (22)
6
(i = 1, 2, 3, 4, 5, 6), where e−α = e
− , µ− , τ− (α = e, µ, τ) and g = e/ sin θW . Thus, there
are two dierent forms of CC oupling, involving ναL neutrinos with nearly bimaximally
mixed Dira mass matrix M (D) = U (3)
0
M(D) or
0
ναL neutrinos with hierarhial Dira
mass matrix
0
M(D). Similarly, there are two dierent forms of neutral-urrent term LNC
involving ναL or
0
ναL:
− LNC = g
2 cos θW
∑
α=e,µ,τ
ναL γ
µναL Zµ
=
g
2 cos θW
∑
α=e,µ,τ
0
ναL γ
µ 0ναLZµ . (23)
In Eqs. (22) and (23) the blok-diagonal form
1
U = diag
(
U (3), 1(3)
)
was applied. Note
that both mass matries M and
0
M develop the same eigenvalues m1 = −m4 , m2 =
−m5 , m3 = −m6 given in Eq. (18). In fat, Eq. (15) implies that
0
U
†
0
M
0
U = diag(m1 , m2 , m3 , m4 , m5 , m6) . (24)
We an see that, in priniple, one an operate with elds
0
ναL to desribe by them the
experimental avor neutrinos, ναL =
∑
β
1
Uαβ
0
νβL, using then the seond forms (22) and
(23) of LCC and LNC. However, their transformation by means of
1
U is neessary.
In the avor representation, where the harged-lepton 3 × 3 mass matrix is diagonal,
the 6 × 6 diagonalizing matrix U is at the same time the neutrino 6 × 6 mixing matrix.
Then, the unitary transformation
ναL =
∑
i
UαiνiL , U
†U = 1 = UU † (25)
holds with the α and i indies running over their six values.
The rate for the neutrinoless double β deay is proportional to m2ee, where now
mee ≡ |
∑
i
U2eimi| = |
(
U2e1 − U2e4
)
m1 +
(
U2e2 − U2e5
)
m2 +
(
U2e3 − U2e6
)
m3|
= |c212
(
c214 − s214
)
m1 + s
2
12
(
c225 − s225
)
m2| = 0m (26)
due to Eqs. (16), (1), (17) and (19). Hene,
0
m
<∼ (0.35 − 1) eV is light if the suggested
experimentally upper limit of mee is used.
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Making use of the neutrino osillation formulae as given in Eq. (7) but now with α =
e, µ, τ, es, µs, τs and i = 1, 2, 3, 4, 5, 6, we obtain the osillation probabilities P (να → νβ) for
α = e, µ, τ idential with those in Eq. (9) and (10). In addition, we get P (να → νβs) = 0
and P (ναs → νβs) = δβsαs for α = e, µ, τ and αs, βs = es, µs, τs, showing that in our 6× 6
model of neutrino texture there are no osillations of (onventional) sterile neutrinos
whih, therefore, are stritly deoupled. In this argument, we make use of the mass-
squared degeneray relations m21 = m
2
4 , m
2
2 = m
2
5 , m
2
3 = m
2
6 following from the mass
spetrum (18).
From the neutrino mass spetrum (18) we infer that
∆m221 =
0
m 2
(
tan2 2θ25 − tan2 2θ14
)
,
∆m232 =
0
m 2
(
tan2 2θ36 − tan2 2θ25
)
,
∆m231 =
0
m 2
(
tan2 2θ36 − tan2 2θ14
)
, (27)
where experimental estimations for solar νe's and atmospheri νµ's are
∆m221 = 5× 10−5 eV2 ≪ ∆m232 = 2.5× 10−3 eV2 (28)
if ∆m231 ≃ ∆m232. This implies that tan2 2θ14 < tan2 2θ25 ≪ tan2 2θ36, where (tan2 2θ25 −
tan2 2θ14)/ tan
2 2θ36 ≃ ∆m221/∆m232 ∼ 0.02. Thus, for the neutrino mass spetrum there
are, in partiular, two opposite extreme options: the nearly degenerate spetrum m1 ≃
m2 ≃ m3, where tan2 2θij ≪ 1 implying lightmi ≃ 0m <∼ (0.35−1) eV, and the hierarhial
spetrum m1 < m2 ≪ m3, where tan2 2θij ≫ 1 implying mi ≃ 0m| tan 2θij|, also light
sine m23 ≃ ∆m232 ∼ 2.5 × 10−3 eV2 (ij = 14, 25, 36). In both options, the mass-squared
dierenes are hierarhial: ∆m221 ≪ ∆m232 ≃ ∆m231. In the rst option, M (L) and M (R)
dominate over M (D), as an be seen from Eqs. (13) and (14). Inversely, in the seond
option, M (L) and M (R) are dominated by M (D), thus we have to do in this option with
the pseudo-Dira neutrinos [9℄ (of a spei sort). The rst option is favored, if the atual
0
m = mee lies near its present upper limit.
3. Conlusions. In this note, a new expliit model of neutrino texture was presented,
where in the overall 6×6 mass matrix M the lefthanded and righthanded Majorana 3×3
mass matries, M (L) and M (R), are diagonal with equal entries of opposite sign, while the
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Dira 3 × 3 mass matrix M (D) is given as a diagonal hierarhial struture deformed by
the popular nearly bimaximal 3 × 3 mixing matrix. The neutrino 6 × 6 mixing matrix
U and neutrino mass spetrum are found expliitly. Then, all neutrino masses are light
and m1 = −m4 , m2 = −m5 , m3 = −m6, where m1 ≤ m2 ≤ m3. If, in partiular, M (L)
and M (R) dominate over M (D), then m1 ≃ m2 ≃ m3. Inversely, if M (L) and M (R) are
dominated by M (D), then m1 < m2 ≪ m3. But, always ∆m221 ≪ ∆m232 ≃ ∆m231 (due
to experimental estimations for solar νe's and atmospheri νµ's). In the seond option,
neutrinos are pseudo-Dira partiles (of a spei sort).
The resulting neutrino osillation formulae are idential with those working in the
eetive texture of three ative neutrinos, based on the popular nearly bimaximal mix-
ing matrix. Three (onventional) sterile neutrinos do not osillate and so, are stritly
deoupled. The suggested LSND eet for aelerator ν¯µ's (and νµ's) vanishes. The not
observed Chooz osillation eet for reator ν¯e's is onsistently negligible.
One may try to speulate that the Dira omponent
0
M (D) of
0
M as dened in Eq. (20)
(before the onjetured deformation M (D) = U (3)
0
M (D) by the nearly bimaximal mixing
matrix U (3) is performed) ought to display a hierarhial struture similar to that of 3×3
mass matries for harged leptons and quarks [10℄ whih, of ourse, are of Dira type. In
this sense,
0
ναL =
∑
i
0
UαiνiL rather than ναL =
∑
i UαiνiL are neutrino analogues of the
familiar CKM transforms of down-quark mass elds. Thus,
0
U rather than U is a lepton
analogue of the CKM mixing matrix for quarks [see the rst and seond form of Eq.
(22)℄. Of ourse, the experimental avor neutrino elds are ναL =
∑
β
1
Uαβ
0
νβL, and only
by means of this unitary transformation the nearly bimaximal mixing (absent for
0
ναL as
well as for harged leptons and quarks) works.
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